This centennial tribute commemorates Ramanujan the Mathematician and Ramanujan the Man. A brief account of his llfe, career, and remarkable mathematical contributions is given to describe the gifted talent of Srinivasa RamanuJan. As an example of his creativity in mathematics, some of his work on the theory of partition of numbers has been presented with its application to statistical mechanics.
I. INTRODUCTION
Srinivasa Ramanan is universally considered as one of the mathematical geniuses of all time. He was born in India a hundred years ago on December 22 of that year.
His remarkable contributions to pure mathematics placed him in the rank of Gauss, Galois, Abel, Euler, Fermat, Jacobi, Riemann and other similar stature.
His contributions to the theory of numbers are generally considered unique.
During his life-time, Ramanujan became a living legend and a versatile creative intellect. His name will be encountered in the history of mathematics as long as humanity will study mathematics.
Ramanujan was born on December 22, 1887 in Brahmin Hindu family at Erode near Kumbakonam, a small town in South India. His father was a clerk in a cloth-merchant's office in Kumbakonam, and used to maintain his family with a small income. His mother was a devoted housewife and had a strong religious belief.
However, there was no family history of mathematical or scientific genius.
At the age of seven, young Ramanujan was sent to the high school of Knbakonam and remained there until he was sixteen. He was soon found to be a brilliant student and his outstanding ability had begun to reveal itself before he was ten. By the time Ramanujan was twelve or thirteen, he was truely recognized as one of the most outstanding young students. He remained brilliant throughout his life and his talent and interest were singularly directed toward mathematics.
Like Albert Einstein, As much as his earlier work, the mock theta functions are an achievement sufficient to cause his name to be held in lasting remembrance.
To his students such discoveries will be a source of delight Clearly, RamanuJan's contributions to elliptic and modular functions had also served as the basis of the subsequent developments of these areas in the twentieth century.
RAMANUJAN-HARDY'S THEORY OF PARTITIONS
As an example of RamanuJ an' s creativity and outstanding contribution to mathematics, we briefly describe some of his work on the theory of partitions of numbers and its subsequent applications to statistical mechanics. Indeed, the theory This is a function of a positive integer n which is a representation of n as a sum of strictly positive integers. Euler's result (2.2) gives a generating function for the unrestricted partition of an integer n without any restriction on the number of parts or their properties such as size, parity, etc. Hence the generating function for the partition of n into parts with various restriction on the nature of the parts can be found without any difficulty.
For example, the generating function for the partition of n into distinct (unequal) integral parts is
This result can be rewritten as
Obviously, the right hand side is the generating function for the partition of n into odd integral parts.
Thus it follows from (2.7) and (2.8) that the number of partitions of n into unequal parts is equal to the number of its partitions into odd parts. This is indeed a remarkable result.
Another beautiful result follows from Euler's theorem and has the form
The powers of x are the familiar triangular numbers, Ann(n+l) that can be represented geometrically as the number of equidistant points in triangles of different sizes. These points form a triangular lattice. As a generalization of this idea, the square numbers are defined by the number of points in square lattices of increasing size, that is, I, 4, 9, 16, 25 We next consider the partition function generated by the product All these results are included in his famous conjecture: If p--5,7 or II and 24n---0 (mod pa), > I, then p(n) 0 (rood pa) (2.15) This was a very astonishing conjecture and has led to a good deal of theoretical research and numerical computation on congruence of p(n) using H. Gupta's This leads to the question of asymptotic representation of p(n) for large n.
,During the early part of the 20th century, Hardy and RamanuJan made significant progress in the determination of an asymptotic formula for p(n). Using elementary arguments, they first showed log p(n) _ ,--, + 0 (n) as n (2.21)
Then, with the aid of a Tauberlan Theorem, Hardy and RamanuJan (1918) where n denotes (in units of 00) the energy of the assembly, excluding the residual energy given by the second term of the right side of (3.1).
We denote ?(E) for the number of distinct wave functions assigned to the assembly for the energy state E. It is well known that for a Bose-Einsteln assembly the number of assigned wave functions is the number of ways of distributing n energy quanta among N identical oscillators without any restriction as to the number of quanta assigned to the oscillator.
For a Fermi-Dirac assembly, the energy quanta assigned to all oscillators are all different.
For the case of a classical Maxwell-Boltzmann assembly, oscillators are considered as distinguishable from each other, and the number of wave functions is simply the number of ways of distributing n energy quanta among N distinguishable oscillators. This is equal to the number of ways of assigning N elements to n positions, repetitions of any element are permissible.
If Pd(n) denotes the number of partitions of n into exactly d or less than d parts, then Pd(n)--p(n) for d >_ n where p(n) is the number of partitions of n as a s of positive integers. On the other hand, qd(n) representSdthe number of partitions of n into exactly d unequal parts so that Pd(n) qk(n). On the other k-I hand, the number of partitions of n into exactly d or less different parts is denoted by qd(n) and Qd(n) sands for the number of partitions of n into exactly d unequal parts so that qd(n) [ Qk(n) We also observe the following results:
k--1 Pd(n) qd(n + d) qd(n) d(n +d(d-1)), (3.2ab) Pd(n) Qd(n + d(d+l)), Qd(n+d) Qd(n) + Qd_t(n), This means that the classical statistics is the limit of both results (3.9) and (3.10).
The above expressions for the state function Z were used to obtain the result for the energy E (or n) and the entropy S.
Using the expression for S, asymptotic formulas for the partition functions PN(n) and p(n) as follows: (3.14) Thus, in the limit, n PN(n) p(n) exp (7 (3.15) This is the RamanuJan-Hardy asymptotic formula. It is also confirmed the existence of the phenomena of condensation into lowest energy-levels. At the same time, the present investigation gives a transition departure far below K for a perfect gas of heillum atoms. However, the earlier theory can provide physically sensible results at very high and at very low temperatures.
All these above discussions show a clear evidence for the great importance as well as success of the RamanuJan-Hardy theory of partitions in statistical mechanics.
In an essentially statistical approach to thermodynamic problems, Durra (1953, 1956) obtained some general results from which different statistics viz., those of Bose, Fermi and Gentile, Maxwell-Boltzmann can be derived by using different partitions of numbers. It is noted that mathematical problems of statisitics of Bose, Fermi, and Gentile are those of partitions of numbers (energy) into partitions in which repetition of parts are restricted differently. In partitions corresponding to Bose statistics any part can be repeated any number of times, that to Gentile statistics any part can be repeated upto d times where d is a fixed positive integers, and that to Fermi statistics no part is allowed to repeat, that is, d=l.
All these led to an investigation of a new and different type of partitions of numbers in which repetition of any part is restricted suitably. Motivated by the need of such partition functions and its physical applications to statistical physics, Dutta (1956 Dutta ( , 1957 ) Durra and Debnath (1959) studied a new partition of number n into any number of parts, in which no part is repeated more than d times. Dutta's partition function is denoted by dP(n). Dutta where p(n) is the unrestricted partition function due to Hardy and RamanuJan (1918 Dutta's partition function is not only more general than that introduced by earlier authors, but also it is more useful for the study of problems in statistical physics. Mathematical problems of Gentile statistics deals with the partitions of numbers (energy) into parts in which repetition of parts are restricted differently.
In partitions corresponding to Bose statistics, any part can be repeated any number of times (d / (R)). The Fermi statistics deals with the partitions of number into parts in which no part can repeat (d=l). In partitions corresponding to Gentile statistics, any part can be repeated up to d times.
In other words, Dutta's partition function d p(n) is found to be useful for an investigation of thermodynamic problems.
As a final example of physical application of RamanuJan-Hardy's theory of partitions of numbers, mention may be made of a paper by Bohn and Kalckar (1937) dealing with calculation of the density of energy levels for a heavy nucleus.
CONCLUDING REMARKS
It is hoped that enough has been discussed to give some definite impression of Ramanujan's great character as well as of the range and depth of his contributions to pure mathematics. Throughout his life, Ramanujan was deeply committed to his family and friends. He also expressed an unlimited interest in education and deep compassion for poor students and orphans who needed support for their education. He also profoundly believed in the dignity and work of human being.
RamanuJan's entire life was totally dedicated to the pursuit of mathematical truth and dissemination of new mathematical knowledge. His genius was recognized quite early in his llfe and has never been in question.
Indeed, Hardy in his "A Mathematician's Apology" wrote: "I have found it easy to work with others, and have collaborated on a large scale with two exceptional mathematicians (Ramanujan and Littlewood) and this has enabled me to add to mathematics a good deal more than I could reasonably have expected." Also, he said:
"All of my best work since then (1911 and 1913) has been bound up with theirs (Ramanujan and Littlewood), ...". There is no doubt at all about RamanuJan's profound and ever-lasting impact on mathematics and mathematical community of the world.
Today, one hundred years after his birth, we pay tribute to this great man, and at the same time, we can assess and marvel at the magnitude of his outstanding achievements.
By any appraisal, RamanuJan was indeed a noble man and a great mathematician of all time.
